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We investigate the performance of quantum teleportation under a lossy environment using two different types 
of optical hybrid qubits. One is the hybrid of the vacuum and single-photon states with coherent states and the 
other is the hybrid of polarized single-photon states with coherent states. We have shown that the hybrid qubit 
using vacuum and single-photon states is generally more robust to photon loss effects compared to the one using 
the photon polarization with respect to fidelities and success probabilities of quantum teleportation. 
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I. INTRODUCTION 

Quantum teleportation is a protocol to transfer an unknown 
qubit from one place to another via an entangled quantum 
channel [1, 2]. It is at the heart of various applications in 
quantum communication and computation. In particular, it 
plays a crucial role in implementing all-optical quantum com¬ 
putation [3-8]. A typical qubit for optical quantum teleporta¬ 
tion utilizes the horizontal and vertical polarization states of 
a single photon, {\H), \V)} [2, 4-6], or alternatively the vac¬ 
uum and single-photon states, (|0), 11)} [9, 10]. However, in 
this type of approaches based on a single-photon qubit, the 
success probability of a Bell-state measurement, which is an 
essential element in realizing the quantum teleportation pro¬ 
tocol, cannot exceed 1/2 using linear optics and photon detec¬ 
tion [11, 12]. Efforts are being made to overcome this limita¬ 
tion using auxiliary states, additional operations or multipar¬ 
tite encoding [13-16] while each of them has its own price to 
pay. An alternative approach employs coherent states as the 
qubit basis, {|or>, | — or)} [17, 18], where ±a are amplitudes of 
the coherent states. It enables one to implement a nearly de¬ 
terministic Bell-state measurement [18-20]. However, due to 
the non-orthogonality of two coherent states, | a) and | - a), a 
necessary operation to finish the teleportation process such as 
the Pauli-Z operation cannot be performed in a deterministic 
way and produces additional errors [7, 8]. 

Recently, a hybrid approach to optical quantum informa¬ 
tion processing was proposed by combining advantages of 
the two aforementioned approaches [21]. In this approach, 
the logical qubit is constructed using entanglement between 
the polarization states of a single photon and coherent states 
that leads to nearly deterministic quantum controls [21]. It 
enables one to perform a near-deterministic quantum telepor¬ 
tation as well as near-deterministic universal gate operations 
in a more efficient manner compared to previous approaches 
[3-8]. The required resource is hybrid states in the form of 
|Hi> = (| H)\a) + |V>| - a))/ V2 [21]. Within this context, it 
was shown that such a hybrid entanglement is useful for tele¬ 
portation between a polarized single-photon qubit and a co¬ 
herent state qubit [22] and for a loophole free Bell inequality 
test [23] . However, it is known that the generation of entan¬ 
glement between a polarized single photon and coherent states 
such as |Hi) is highly demanding [24-27]. There exists a re¬ 
cent theoretical proposal that enables one to efficiently gen¬ 


erate the state |Hi) based on parametric downconversion, lin¬ 
ear optics elements, and photodetectors [28] while it requires 
preparation of a coherent-state superposition [29] as a re¬ 
source. On the other hand, the hybrid entanglement of the vac¬ 
uum and single photon (instead of single-photon polarization) 
with coherent states, such as |H n ) = (|0)|or) + |1)| - a))l V2, 
was successfully demonstrated in recent experiments [30, 31]. 
In addition, a previous study showed that the qubits utilizing 
the vacuum and single-photon states are more robust against 
losses compared to the polarized single-photon qubits [32]. 
We therefore need to investigate whether the approach based 
on the hybrid state in the form of |Hn) is equivalently useful, 
or even more useful, compared to the one using state |Hi) for 
quantum information processing. 

In this paper, in order to compare these two different types 
of hybrid qubits, we consider implementations of quantum 
teleportation in a lossy environment. We analyze the envi¬ 
ronmental effects caused by photon losses on the entangled 
channel distributed between two separated parties. Our anal¬ 
ysis shows that the quantum teleportation with the hybrid of 
vacuum and single photon with coherent state is more robust 
to photon losses than the hybrid of photon polarization with 
coherent states. 


II. TWO TYPES OF OPTICAL HYBRID QUBITS 

Since there are a number of studies on quantum information 
processing using various kinds of optical hybrid systems [21, 
30, 31, 33-43], we first need to clarify the types of optical 
hybrid qubits that we consider in this paper. The first one is 
the hybrid of photon polarization with coherent states, which 
was originally used to propose the hybrid scheme of optical 
quantum information processing recently [21]. The other is 
the hybrid of vacuum and single photon with coherent states, 
which was recently generated by experiments [30, 31]. We 
consider optical hybrid qubits constructed in the logical basis, 

{|0 L > = |+M,|l L > = |-)|-cr>}, (1) 

and the two different types of hybrid qubits are then defined 
as 

I. the hybrid of the single-photon polarization with coher¬ 
ent states where |±> = (| H) ± \ V))/ a/2, 
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II. the hybrid of the vacuum and single photon with coher¬ 
ent states where |±) = (|0) ± 11))/ V2. 

We will refer to the former as type-I hybrid qubit which is the 
same form used in Ref. [21], while the latter will be referred 
to as type-II hybrid qubit hereafter. 

It was shown that using type-I hybrid qubits, quantum tele¬ 
portation and a universal set of quantum computation can be 
implemented in a nearly deterministic way using passive lin¬ 
ear optics elements and photodetectors [21]. This scheme was 
shown to outperform previous all-optical schemes [5-8] when 
considering together the resource requirements and the fault 
tolerance limits with photon losses. In principle, the same 
structure of quantum teleportation and computation schemes 
can be constructed using type-II qubits. In the type-II qubit 
based approach for quantum teleportation, however, there are 
a couple of points to note. In order to complete the quan¬ 
tum teleportation process, the Pauli X and Pauli Z operations 
are required. The Pauli X operation for a type-II hybrid qubit 
in the logical basis (1) can be implemented deterministically 
by acting the 7r-phase shift on each of the two modes. On 
the other hand, a flip between |0> and |1> (i.e., |0) <-> |1» is 
required to perform the Pauli-Z operation; this cannot be per¬ 
formed deterministically using linear optics elements. One 
simple working solution, for the moment, is to “logically rela¬ 
bel” the vacuum and the single photon, |0) and |1), whenever 
it is necessary. In other words, we know that |0) and |1) re¬ 
main unaltered, whenever they should be altered, so that it 
can be logically corrected at the final measurement stage. Be¬ 
side this point, fortunately, if we take the logical qubit basis as 
the form in Eq. (1), it is possible to perform the hybrid qubit 
teleportation with the same success probability with the type-I 
hybrid qubit [21], when there is no loss, and with better suc¬ 
cess probabilities when photon losses occur. In the following 
sections, we will analyze the teleportation protocols and ef¬ 
fects of lossy environments for two different types of hybrid 
qubits in further detail. 


III. QUANTUM TELEPORTATION FOR HYBRID QUBITS 
UNDER PHOTON LOSSES 

In the standard quantum teleportation procedure [1], Al¬ 
ice is supposed to teleport an arbitrary unknown state |0> = 
P\0l) + v| \l) to Bob via a maximally entangled quantum chan- 
nel I'Vch) = (|0/.)|0/_> + |1 L )|1 L »/ VI Alice performs a Bell- 
state measurement on the unknown qubit and her part of the 
entangled channel, and sends the measurement outcome to 
Bob. Bob applies an appropriate unitary transform on his state 
depending on Alice’s measurement outcome in order to re¬ 
construct the original qubit. In an ideal situation, quantum 
teleportation can be carried out with the unit success proba¬ 
bility and the teleported state should be exactly the same to 
the input state. However, in realistic implementations, there 
are factors that reduce the success probability and the telepor¬ 
tation fidelity. Here, we consider two major such factors. One 
is inefficiency of the Bell-state measurement and the other is 
photon losses in the quantum channel. In the following sub¬ 
sections, we will calculate and compare the fidelities between 


the input and the output states and the success probabilities of 
teleportation for two different types of hybrid qubits. 


A. Teleportation of type-I hybrid qubits 


Before considering photon loss effects for teleportation 
with type-I qubits, we briefly review the hybrid teleporta¬ 
tion scheme without loss described in Ref. [21]. As shown 
in Fig. 1, Alice and Bob share a hybrid entangled channel in 
order to teleport a type-I hybrid qubit from Alice to Bob. If 
there is no loss, the total product state of an unknown input 
state |0) and the channel state I'i'ch) in terms of the type-I hy¬ 
brid encoding can be rewritten as 


l&aA^cl^bBcC =“ 
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where X and Z are the Pauli operators in terms of the log¬ 
ical qubit basis, | v Fp) = (| HV) ± \VH))/a/2 and |Op) = 
(| HH) ± |W))/V2 are the Bell states of photon-polarized 
states, and IT'*) = A^(|<r)| - a) ± \ - a)\a)) and |®*) = 

A^(|a)|a) ± | - a)\ - a)) with N± = 1/ V2 ± 2e~ 4|or|2 are the 
Bell states of coherent states. The Bell-state measurement 
for the photon-polarized states, i.e., B s for modes a and b 
in Fig. 1, and another Bell-state measurement for the coher¬ 
ent states, i.e., for modes A and B in Fig. 1, are per¬ 
formed. We assume that available resources are linear optics 
elements with photodetectors. The success probability of B s 
is then limited to 1/2 [11, 12] while the success probability 
of the B a is 1 - exp(-2|oj 2 ) [21]. The process will be suc¬ 
cessful unless both the Bell-state measurements fail so that 
the success probability of the teleportation of a hybrid qubit 
is Ph = 1 - exp(-2|a| 2 )/2 [21]. To complete the teleportation 
process, an appropriate Pauli operation (1, X, Z, or XZ) should 
be applied according to the measurement result as explained 
in Sec. II (U s and XJ a in Fig. 1). 

The time evolution of density operator p under photon 
losses is governed by the Born-Markov master equation [44], 

^=Jp + Lp, (3) 

OT 

where r is the interaction time, Jp = y^aipaj, Lp = 
-(y/2)S/(aJa/p + pajcii ), y is the decay constant, and a* ( a t) 
is the annihilation (creation) operator for mode i. The general 
solution of Eq. (3) is written as, p(r) = exp[(/ + L)t]p(0), 
where p(0) is the initial density operator [45]. We assume that 
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FIG. 1. (Color online) (a) Schematic of hybrid quantum teleportation. We use the dynamical orthonormal basis for the input state 1 <p(j)) in 
order to reflect the amplitude damping of coherent states of the channel state. U s (U a ) represents a unitary transform applied on a single-photon 
state (coherent state) and p T (r) represents the final teleported state, (b) The Bell-state measurement of photon-polarized states, B s , for type-I 
hybrid qubits can be performed using the 50:50 beam splitter (BS), two polarizing beam splitters (PBS), and four photodetectors, (c) The 
Bell-state measurement for the coherent states, B a , can be implemented by the 50:50 beam splitter and two photon number resolving detectors. 
Another Bell-state measurement of vacuum and single-photon states, B s , for type-II hybrid qubits can be done as B a with the 50:50 beam 
splitter and two single-photon detectors. 


each mode of the channel state I'F^) suffers the same decoher¬ 
ence rate characterized by y. The entangled channel at time r 
under the above assumption is obtained using Eq. (3) as 

p{\r) = 1 [{(r 2 |+><+| + r 2 |0)(0|) ® |to><ta|f 2 

+ {t 2 e - 2MV l+X-l <g> \ta)(-ta\f 2 
+ {t 2 e - 2MV l-X+l <g> I - ta)(ta\f 2 
+ {0 2 |-)<-| + r 2 |0X0|) ® I - toX-to|f 2 ], (4) 

where |±> = (| H) ± \V))/ y/2, t = e^ 7 ' 1 , r = Vl - , 

and {-} 02 means the direct product of same states. As we see, 
coherent-state qubits not only lose their relative phase infor¬ 
mation but also undergo amplitude damping by photon losses. 
However, we know the value of the interaction time r, we can 
use | ± ta) as a dynamic qubit basis in order to reflect the am¬ 
plitude damping as suggested in Ref. [18]. Adopting this, we 
define a dynamic orthonormal basis of optical hybrid qubits 
as 

{|0l(t)> = |+)|to>, Ul(t)) = |-)| - ta)}, (5) 

and an unknown qubit which Alice wants to teleport as 
10(r)) = ju|0l(t)) + v|1l(t)) where p = cos(w/2) and v = 
e lv sin(i//2). The Bell-state measurement is then performed 
on the input state |0(r)) and one part of the decohered chan¬ 
nel state Pchij )• The Bell-state measurement for single photon 
qubits, B s , and that of coherent state qubits, B a , with damped 
amplitudes are performed [21]. The Bell states of coherent 
states with damped amplitudes are 

I'*c(t)> = A£(r)(|to)| - to) ± | - to)|to», (6) 

|®*(t)> = A£(r)(|to)|to) ± | - to)| - to)), (7) 

where N^(t) = 1/ V2 ± 2e _4!2 l“l 2 in terms of the dynamic qubit 
basis. In order to perform B a , a 50:50 beam splitter and two 
photon number resolving detectors are needed. We define the 
50:50 beam-splitter operator as 


where i and j are two field modes entering the beam splitter. 
The operation of Ua,b on coherent states is characterized as 


U a ,b\o:)a\P)b = \(a+P)l \ (2) A \(-a + /?)/ V2) B . The coherent- 
state Bell-state measurement, B a , is represented by the pro¬ 
jection operators: 


oo 

Ox =Yj\2n) A (2n\®\0) B (0\, (9) 

n= 1 

oo 

0 2 = J]\2n-l)A(2n-l\®\0) B (0\, (10) 

n= 1 

oo 

O 3 = Y,\0) A (0\®\2n) B (2n\, ( 11 ) 

n= 1 

oo 

O A = Y J \^{0\®\2n-\) B {2n-\\, (12) 

n= 1 

Oe = |O) A <O|0|O) fi (O|, (13) 


where subscripts 1, 2, 3 and 4 correspond to OJ, O", 'FJ and 
, respectively, while O e represents the measurement failure 
for which both the detectors do not register any photon. 

The Bell-state measurement of photon-polarized states, B s , 
can be performed using the 50:50 beam splitter U a ,b which is 
applied to single photon qubits of modes a and b , two polar¬ 
izing beam splitters, and four photodetectors [12]. The mea¬ 
surement results are represented by following projective oper¬ 
ators, 

Mi =\HV) a (HV\ 0 |0>*<0| + |0> fl <0| 0 \HV) b (HVl (14) 
M 2 =\H)a(H\ 0) \ V) b (V\ + \V)a(V\ 0 \H)b(H\, (15) 

Me =\HH)a(HH\ 0 |0>*<0| + |0> fl <0| 0 \HH) b (HH\ 

+ \VV)a{Vy\ ® |0)^<0| + |0) fl <0| 0 \VV) b {W \ 9 (16) 

where M\ and M 2 correspond to and T 1 ", respectively, 
while M e represents a measurement failure for which both the 
detectors are silent. The teleportation process will be success¬ 
ful unless both B a and B s fail. 

The unnormalized output state after measurement outcome 
Mi 0 Oj is obtained as 

P U = Tr aAA ,B[(Ua,b ® Ua,b)(\<P(t))(<P(t)\ ®Pi(r)) 

x (K,b ® ® ( 1? ) 
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FIG. 2. (Color online) (a)-(c) Average fidelities and (d)-(f) average success probabilities of the type-I hybrid qubits (solid curves) and the 
type-II hybrid qubits (dashed curves) against the normalized time r. The horizontal dotted lines indicate classical limit, 2/3, which can be 
achieved by using a separable teleportation channel. Graphs are plotted with various values of amplitude a of coherent states as \a\ = 1 for (a) 
and (d), \a\ = 2 for (b) and (e), and \a\ = 5 for (c) and (f). 


where the partial trace is taken over Alice’s modes a, b, A and 
B in Fig. 1. 

Finally, Bob should perform appropriate unitary operations 
(1, Z, X , or XZ) according to Alice’s measurement results. 
The details are as follows: 1 for pj’ 2 and p®’ 1 , Z for p\ x , p*’®, 
and p®’ 2 , X for p 2,4 and p®’ 3 , and XZ for p 2,3 , p 2 ’®, and p®’ 4 . 

The final teleported state is then 

p\ (r) = MVl+X+l + ^I0><0|) ® ItaXtal 

+ t 2 e~ 4 ^ r {juv* |+X—I ® \ta){-ta\ 

+ /i*v|-)<+| ® | - ta)(ta\) 

+ IvlVl-X-l + r 2 |0><0|) ® | - ta)(-ta\, (18) 

regardless of the outcomes of the Bell-state measurements. 
The success probability is 

2 4 

Piij) = X Tr t .clp l ’ , l + Z Tr t.clp 2, l 
j= 1 j =3 

+ VTr, c [p' x '] + V Tr ( ,c[/; e / ] = r(l - ^- 2| “ |2(2 ), 
i=l 7=1 

(19) 

where the trace was taken over for Bob’s part. The average 
fidelity between the input state |0(r)) and the teleported state 
p[(r) is 

j r*27T r*7T 

F\(t) = — J J (<p(T)\p[( t)\<P(t)) sin ududv 

= ^t 2 (2 + e~ m2rl ). (20) 

The results of the average fidelity and success probability are 
plotted in Fig. 2. 


B. Teleportation of type-II hybrid qubits 


In order to perform teleportation for hybrid qubits of vac¬ 
uum and single-photon states with coherent states (type-II), 
the process described in Fig. 1 is applied again. The total 
product state of an unknown input state |0) and the channel 
state I'i'ch) can be written as Eq. (2) by replacing I'Fp) and |Op) 
with PF*> = (|01) ± |10»/ V2 and |<5±> = (|00> ± |11»/ V2, 
respectively. As discussed in Sec. II, we assume that when the 
Pauli Z operation is necessary to complete the teleportation 
process, we do not apply it directly on the output but rather 
logically relabel |0) and |1). Thus, the success probability of 
teleportation for type-II hybrid qubits without photon loss is 
the same to that for type-I qubits. 


We consider quantum teleportation of type-II hybrid qubits 
over a lossy environment. We assume that each mode of the 
channel state | v F c / l ) suffers the same decoherence rate y as be¬ 
fore. The entangled channel at time r under above assumption 
is obtained using Eq. (3) as 


Ph ( T ) = \\\P++ 0 I ta)(ta\}® 2 + {e 2| “ |2r2 p+_ ® \ta){-ta\f 2 

+ {e _2|a ' |2r2 p_ + ® | - ta)(ta\}® 2 + {p__ ® | - ta)(-ta |}® 2 ], 

( 21 ) 
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where 




l-i -1 r 2 r 2 

1 —t 



P ++ = — I+X+I + yl+X-l+yl 

l-x+l + 2 1 

-X-l, 

(22) 

t 2 + t t 2 -t 




p+-=— I+X-I+—l-X+l, 



(23) 

1 

+ 

II 

+ 

1 



(24) 

1 — t r 2 r 2 

1 + t 



P-= — I+X+I + yl+X-l+yl 

l-x+l + 2 1 

-x-l- 

(25) 


As before, we use the dynamic qubit basis for coherent states 
and define the new orthonormal basis as 


{|0l(t)> = |+>|to>, |1 l (t)> = |->| - to)}, (26) 

and an unknown qubit which Alice wants to teleport as 
10(r)) = //|0 l(t)) + v|1l(t)). The Bell-state measurement B a is 
performed as explained in Sec. Ill A. However, in the case of 
type-II hybrid qubits, B s is a Bell-state measurement of vac¬ 
uum and single-photon states that identifies four Bell states: 
PF$> = ( 101 ) ± | 10 »/ V2 and | 0 >±> = (| 00 > ± | 11 »/ VI This 
can be done using the 50:50 beam splitter U a ^ and two single¬ 
photon detectors. Here, the single-photon detectors should be 
able to discriminate between zero, one and more than one pho¬ 
tons. The measurement results are represented by following 
projective operators, 

Ei = |O> fl <O| 0 |l>*<l|, (27) 

^2 = |l> fl <l|®| 0 ) fc < 0 |, (28) 

£e = |0> fl <0| 0 |0>*<0| + |0> fl <0| 0 |2>*<2| + |2> fl <2| 0 |0>*<0|, 

(29) 

where 'Ey and correspond to E\ and Ej, and E e represents 
a measurement failure. The teleportation process will be suc¬ 
cessful unless both the Bell-state measurements, B a and B s , 
fail. 

The unnormalized state after measurement outcome E t 0 Oj 
is obtained as 

Pi’/ = Tr aAA, B [(U a ,b ® ®p c n h (r)) 

x ( u l.b® u l B )( E ‘®°j)l (30) 

Bob should perform appropriate logical gate operations (1, Z, 

X , or XZ) according to measurement results of Alice. The 
details are as follows: 1 for p^ 2 , p 2,1 , and p^ 1 , Z for p\^ , p 2,2 , 
Pjj 2 , and p\ j’ e , X for p\f, p 2,4 , and pjj 3 , and XZ for pj’ 4 , p 2,3 , 

p A i 2 e 

P\\ 5 an dp n . 

The final teleported states after applying appropriate uni¬ 
tary transforms are different from each other according to the 
Bell-state measurement results. We present all possible tele¬ 
ported states (pj ), their probabilities (pi) of obtaining such 
particular outcomes, and fidelities (/•) with the input state 
10(r)) in Appendix. Here we consider the average fidelity and 
the average success probability as 

r N 1 f 2n r hiPifi ■ a A 

Fn (r) =— —-sinwdt/dv, (31) 

47T Jo Jo 2/ Pi 

Y p27T /~*7I _^ 

Pn(r) =— I I V p/sint/dt/dv, (32) 

4tt Jo Jo V 


where the summations run over 1 to 5. It is difficult to per¬ 
form the integration in Eq. (31) in an analytical way be¬ 
cause of the summation in the denominator, and we obtain 
the average fidelity Fu(r) numerically using MATHEMAT¬ 
IC A. The average success probability in Eq. (32) is obtained 
as Ph(t) = 1 - e~ 2 ^ ? / 2 ; as one can see, the overall factor 
of t 2 in Eq. (19) is not here. While the vacuum and single¬ 
photon states in a type-II hybrid qubit after photon loss still 
remain in the logical qubit space, photon-polarized states in 
type-I hybrid qubit evolve out of the logical qubit space due 
to the addition of the vacuum element under photon loss ef¬ 
fects. Such a difference between type-I and II qubits makes 
the drop of the factor t 2 . 

We plot the average fidelity and the average success proba¬ 
bility in Fig. 2. We also compare these results with the results 
obtained with the type-I qubits in Sec. Ill A. Our results in 
Fig. 2 clearly show that the average fidelity and the average 
success probability for type-II are always higher than those 
of type-I. Again, this can be attributed to the difference in 
the decoherence mechanism that a qubit of the vacuum and 
single-photon states (type-II) remains in the qubit space under 
photon loss effects, while a single-photon qubit with photon- 
polarized states (type-I) gets out of the qubit space. 


IV. REMARKS 

In this paper, we have discussed two types of hybrid qubits 
for quantum teleportation. One is the hybrid of polarized 
single-photon states with coherent states (type-I), and the 
other is the hybrid of the vacuum and single-photon states with 
coherent states (type-II). Using these two different type of hy¬ 
brid qubits, we have analyzed the performance of quantum 
teleportation taking into account both the success probability 
and output fidelity under the effects of photon losses on the 
hybrid entangled channels. We found that both the average 
fidelity and the success probability of teleportation using the 
type-II hybrid qubits are always higher than those of the type-I 
hybrid qubits. The reason for this result is that a type-II hybrid 
qubit always, even under the effects of photon losses, remains 
in the logical qubit space spanned by the vacuum and single¬ 
photon states. On the other hand, the leakage from the logical 
qubit space possibly occurs for the type-I hybrid qubits under 
the photon loss effects, due to the addition of the vacuum el¬ 
ement to the photon polarization states. This difference leads 
to such lower fidelity and success probability for the type-I 
hybrid qubits. Our results show that the type-II hybrid qubits 
employing vacuum and single-photon states in the single pho¬ 
ton part may be better candidates of hybrid teleportation over 
a lossy environment. Our result is consistent with the previous 
study of single-mode qubits [32] where the qubits of the vac¬ 
uum and single photon were found to be more efficient than 
the polarized single-photon qubits for the direct transmission 
and quantum teleportation. 

For future studies, it will be worth investigating the perfor¬ 
mance of two different types of hybrid qubits in the implemen¬ 
tation of scalable quantum computation. For this, there are 
additional important factors to consider such as error correc- 
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tion models and fault-tolerant limits under the photon losses 
as well as resource requirements [ 8 ]. The effects of photon 
losses on quantum computation using the type-I hybrid qubit 
were already studied in Ref. [21]. In a similar way, it may 
be possible to investigate fault-tolerant limits for the type-II 
hybrid qubit under the photon loss effects and compare the 
results with those obtained with type-I qubits. In order to an¬ 
alyze and compare their performance more faithfully, it may 


be necessary to identify an appropriate error correction model 
for the type-II hybrid qubits. 
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V. APPENDIX 

In this Appendix, we present all possible teleported states, their probabilities of obtaining such particular outcomes, and 
fidelities with the input state |0(r)) for the teleportation of type-II hybrid qubits. All the listed states are the final teleported states 
on which appropriate unitary transforms are applied. If the measurement results are revealed as E\ 0 O 2 , E\ 0 O 3 , £2 0 0\, and 
E 2 0 ) O 4 , the final teleported states are 

pf (t) = |p| 2 p++ ® \ta)(ta\ + te- 4 | “ |V {pv*P + - ® I ta)(—ta\ + p*vp_+ 0) | - ta){ta\) + |v| 2 p__ 0 | - ta)(—ta\, (33) 

with the probability 


Pi(t) = Tr C ,c\p h2 ] + Tr t .clp 13 1 + Tr c , c |p 2 ’ 1 ] + Tr c , c |p 2 ’ 4 ] = 1(1 - e~ 2M2,2 )(l + (34) 

Their fidelities with the input state |0(r)) are calculated as 

/i(r) = (\p\ 4 + |v| 4 )—^— + 2|p| 2 |v| 2 ( 

If the measurement results are revealed as E\ 0 0\, E\ 0 O 4 , E 2 0 O 2 , and E 2 0 O 3 , the final teleported states are 

P 2 (r) = |p| 2 p++ 0 \ta){ta\ + ^ _ 4 |Qf| 2 r 2 {pv*p+_ 0 \ta){—ta\ + p*vp_+ 0 | - ta)(ta\} + \v\ 2 p'__ 0 | - ta)(-ta\, (36) 


— e -4|«|V + f . 


f + t 


-4|ar|V 


) + ip' 


V 2 +/i*V)f 


t 2 -1 


,-4N 2 


+ (pv* + jj*v)—e 


~ 2 \a\ 2 t 2 


(35) 


where 


P ++ 

P-- 


l + t r 2 r 2 1 — t 

■ — l+X+l - yl+x-l - yl-x+l + — l-X-l, 

1 - t, 4 , , r 2 , , r 2 , , 1 + t 


2 ,+X+l - yl+x-l - yl-x+l + -l-X-l, 


with the probability 


(37) 

(38) 


1,4 n 


2,2 n 


_2,3i 


P 2 (r) = Tr ( C -[p 1,1 ] + Tr e>c [p 1 ’ 4 ] + Tr c , c [p 2 ’ 2 ] + Tr c , c [p 2 ’ 3 ] = -(1 - ^ ' )(1 - te~ 2M ' ), 


and the fidelities are 


/ 2 (t) = (M 4 + |v| 4 )- 


1 + £ 


' 2 |p| 2 |v| 2 ( 


I_ + ^ + f g-4|«| 2 r 2 


■ 2 ) + 0« : 


(39) 


V 2 + p* V )^^! 2 - (py* + p*y)y e - 2 '“' 2(2 . (40) 


2 2 

If the measurement results are revealed as 0 and E Q 0 O 3 , the final teleported states are 

P 3 (r) = |p| 2 p++ 0 |far)<to| + r 2 ^ _ 4 |a| 2 r 2 {pv*p+- ® |to)(-to| + p*vp_+ 0 | - to)(to|} + |v| 2 p— 0 | - ta)(-ta\, (41) 

with the probability 


P3(t) = Tr c c[p el ] +Tr Ci c[p e ’ 3 ] = ^(1 - e~ 2M2,2 f, 


(42) 
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and the fidelities are 

/ 3 (r) = (M 4 + |v| 4 )if + 2 | j u| 1 2 3 4 5 6 7 8 9 10 |v| 2 (LA- 4 '“' v + f 2 ^e- 4wV ) + OuV 2 + Ai * 2 v 2 )r 2 ^e- 4| “' 2 + (AiV * +jU * v )y e - 2| “ |V . 

( 43 ) 

If the measurement results are revealed as E e 0 O 2 and E c 0 O 4 , the final teleported states are 

pj(r) = |plV++ ® |far}(ta| + t 1 e^ a ^{jj,v*p+- ® |rar)<—ror| + p*vp_+ 0 | - ta)(ta\] + \v\ 2 p'__ 0 | - ta)(-ta\, ( 44 ) 

with the probability 


P4 (t) = Tr Ci c[p e ’ 2 ] + Tr c c[p e ’ 4 ] = ^(1 - + <T 2| “ |2;2 ), 


(45) 


and the fidelities are 


Mr) = (\p\ A + |v| 4 )if + + ? 2 ^ e -4NV) + (^V 2 + / 2 vV 


f 2 +1 


' f2 _i e -4W 2 _ (Aiy * +jU * v) ^ e -2WV_ 


(46) 


Lastly, for the measurement results of £1 0 O e and £2 ® O e , the final teleported states are 


Ps( T ) 


1 


1 - (pv* + p*v)r 2 

/ ' 2 

+ 


(lpl 2 -y- -juv*y-ju*vy + |v| 2 Iy-^jp+ + ® |to>(to| + e 4 | “ |V j(uv*^-^ + p*v t —^p + - ® |to)<-to| 


,1 -f 

2 

, 1 - f 


r 2 + ? , t 2 -t\ 


■ (p v *~y~ + P* v “y~)p-+ ® I - to >< to l} + (m 2 —~^ v *~2 ~^ v ~z + ^ 0 ' - ta )(~ ta \ 

with the probability 


and the fidelities are 
1 


/s(r) = 


Ps(t) = Tr c , c [p l e | + TiYx’lp 2,6 ] = - (pv* + p*v)r 2 }. 


(M 4 + M 4 ){(-^) 2 + + 2|p| 2 |v| 2 {^(l + e- 2 ^) 2 + (fl±i)7- 4 '^ 2 + (^) 


(47) 


(48) 


2 , ^2 


f2 _ /\2 


-4N 2 


1 - (pv* + p*v)r 2 

+0l v^-v>{^ + (^)(^)<. 


4|a| 2 r 2 + e -4|«l 2 ^ _ ^ y * + p*v)-( 1 + <T 2|a|V )| 


1 + / 1 — / 


- 2 |«| 


1 


(49) 
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